Abstract: Nanomechanical oscillator has attracted considerable attention in mass sensing applications because of its ability to connect mass variation and frequency change on mechanical oscillator. Here, using the exact same parameters with previous work based on the linearized dynamics of the optomechanical interactions, we show that the frequency shift of optomechanically induced second-order sideband is more sensitive to the mass change of mechanical oscillator. The proposed method may offer an approach to open up a broad application prospect for on-chip optomechanical devices in sensors by virtue of the achievable intrinsic optomechanical nonlinearity in the weak coupling regime under the currently existing experimental technique.
Introduction
The precision measurement of small mass plays a prominent role in the metrology and other fundamental science, which is one of the basic quantity of physics. And detecting small mass change can be used to identify many chemical reaction processes, such as evaporation, adsorption and degradation, in addition, the all-optical method provides an important route towards biomedical sensors, which can protect biological activity very well. In the past few decades, the mass sensing has attracted considerable attention and achieved great progress via taking advantage of nanomechanical oscillators [1] . Specifically, the mass change of nanomechanical oscillator translates into shift in the resonance frequency, satisfied with δm = 2 m m δ m [2] , which is the fundamental basis for the operation of the nanomechanical mass detector. On this basis, many theoretical and experimental schemes have been proposed to detect small mass by exploiting the resonance frequency shift of mechanical oscillator [2] - [8] . Nanomechanical systems, acting as an excellent platform, have made mass sensors attain an ultra-low resolution [4] , [9] . Quantitatively, a low mass and high resonance frequency oscillator are expected to realize an exceptional mass resolution.
Recently, cavity optomechanical system (COM) [10] , [11] , in which a mechanical mode and an optical mode can be well coupled via optomechanical interaction arising from radiation pressure, has attracted significant interest and achieved spectacular advances in its important applications of force sensors and precision measurements. Optical mass sensors have been presented based on the effects of optomechanically induced transparency [12] , slow light [13] and the four-wave mixing process [14] , which can be all well understood through the linearization of optomechanical interaction. It is worth emphasizing that the intrinsic nonlinear nature of the optomechanical interaction plays a more important role and may open up a broad prospective for mass sensing. Taking into consideration the nonlinear nature of optomechanical interaction, many interesting phenomena have been observed, such as second-order sideband generation [15] - [17] , phonon laser [18] , [19] , optomechanical chaos [20] and optical solitons [21] . More importantly, the emerging spectral component, second-order sideband, provides a promising platform for performing precision measurement of electrical charges [22] , [23] . In addition, the average phonon number of the mechanical oscillator can be well measured based on the two-phonon induced transparency [24] .
In the present work, we propose a method to realize precision measurement of mass change by means of the second-order sideband induced by nonlinear optomechanical interaction. Due to the correlations between the output second-order sideband and mass change of mechanical oscillator, the frequency shift of second-order sideband could be a sensitive tool of measuring mass change, while the limitation of mass sensing which connect mass variation to frequency shift on mechanics oscillator is determined by frequency resolution. We show that the frequency shift of second-order sideband exhibits a linear relationship of the mass change, and the frequency resolution is 2 kHz. Compared with the previous work [14] in which the frequency resolution is 3 kHz, the frequency shift of second-order sideband in our regime is more sensitive to the mass change of mechanical oscillator, which enables a potentially practical scheme for mass sensing with higher resolution than the conventional linearized optomechanical interaction. The effect of mass-dependent second-order sideband generation may find significant application in mass sensors fabricated by on-chip optomechanical devices, because nonlinear optomechanical sideband generation in the weak coupling regime is within current experimental reach.
Physical Setup and Dynamical Equation
We consider a typical optomechanical system consists of a high-Q Fabry-Pérot cavity and a mechanical oscillator, as shown in Fig. 1 . The Hamiltonian formulation of the optomechanical system in the presence of driving fields is H = H c + H m + H i nt + H dr i ve [25] . [26] .
shows that the optomechanical system is driven by a strong control field with frequency ω l and a weak probe field with frequency ω p . Here the coupling parameter η is chosen to be the critical coupling value 1/2, and ε l,p = P l,p / ω l,p are the amplitudes of the driving fields with P l the pump power of the control field and P p the power of the probe field. To study the temporal evolution of system, we employ the semiclassical Heisenberg-Langevin equations of motion to describe the intracavity field and the mechanical displacement (in a rotating frame at ω l which the system Hamiltonian is transformed by a unitary transformation U (t) = exp(−i ω l a † at) and using mean-field approximations, e.g., AB = A B , where A and B are optical or mechanical operators)
where = ω l − ω a , = ω p − ω l , κ is the cavity decay rate, m is the decay rate of the mechanical oscillator, and these operators are reduced to their expectation values. The quantum noise of the mirror and cavity are described by a i n and
and F i n (t) = 0. Based on the semiclassical approximation, the quantum noise terms are dropped safely, and whose validity has been demonstrated in the concerned weak-coupling regime [11] . Then the total solution of Eqs. (1)(2) can be described by ℵ ‫א=‬ + δℵ due to the analytical perturbation method, where ℵ denotes optical mode a and mechanical displacement x.ā andx are the steady-state solutions merely related to the strong control field, and δa and δx are a small fluctuation, whereā
Moreover, we can use the the standard linearization procedure to introduce the evolution of a perturbation
). It has been demonstrated analytically that the optomechanical nonlinearity of the system leads to the output fields with a series of frequencies ω c ± nω generated via nonlinear dynamical process, which is quite similar to higher-order harmonics generation in a nonlinear medium. It is well known that bistable and multiple steady states may occur when the parameters are chosen properly due to the intrinsical nonlinearity of our system, which arises from the enhancement of feedback-backaction. Moreover, the system may achieve chaotic state in dynamics as the increasing of the power of driving field [27] . It should be pointed out that we observe the expected perturbative nonlinear optical behavior in our regime under the weak driving field, where the driving field is too weak to reach the bistable state.
The performance of second-order sideband generation in the perturbative regime can be observed by solving these evolution equations of the perturbation − → δ with the following nonlinear asymptotic expansion [15] :
Due to the optomechanical nonlinearity of the system, there are output fields with a series of frequencies ω c ± nω generated, where n is the order of the sideband. The A 1∓ is the coefficient of the first-order sideband with the frequency ω c ± ω, the first upper sideband ω c + ω is referred to as the anti-Stokes field, and the first lower sideband ω c − ω is known as the Stokes field. The A 2∓ correspond to the upper second-order sideband ω c + 2ω and the lower second-order sideband ω c − 2ω, respectively. Similarly, the output fields at the higher-order sidebands are of great weak in contrast to the second-order sideband and these frequency components contribute little to secondorder sideband generation in the perturbative regime, such that we only study the process of the second-order sideband where other frequency components are safely ignored. Substitution of the nonlinear ansatz Eq. (3) into the evolution equations of the perturbation, leading to six algebraic equations: three of them describe the process of the first-order sideband which corresponds to the linear case, while the other three equations describe the amplitude of the second-order sideband generation due to the nonlinear terms. Comparing the coefficients of the same order, we can obtain the amplitude of the second-order sideband:
with
where the mechanical susceptibility is χ(
The generation of second-order sideband in Eq. 4 originates from the interaction of two channels: (i) the two-phonon upconverted process of the control field takes place when directly absorbs two phonon energy and (ii) the other condition is the process of the upconverted first-order sideband via absorbing a phonon. According to δ m = m 2m δm, we can infer from that χ( , m ) should be transformed into χ( , m + δ m ) on account of the added mass δm. From the amplitude expression Eq. (4) of second-order sideband, we can see that there is a nonlinear association between the second-order sideband generation and the mass change of mechanical oscillation intuitively. Moreover, the spectrum analyzer can distinguish the frequency shift based on the current experimental technology, and we have confirmed that the intensity of second-order sideband is enough for detecting.
Mass Sensing Using Second-Order Sideband
Using the standard input-output relationship S out = S i n − √ ηκ â [28] , we can obtain the output field at the second-order sideband as − √ ηκA
In order to analyze the efficiency of upper secondsideband generation, we define the dimensionless quantity ℘ =| − √ ηκA − 2 /ε p |, as the efficiency of the second-order sideband generation process, which is ratio between the amplitude of the secondorder sideband and the probe field. Based on the relationship between mass change and frequency shift of mechanical oscillation, we can explicitly infer from the solution of second-order sideband generation that the peak of the efficiency of second-order sideband generation would be shifted by changing the effective mass of mechanical oscillation. Based on the coherent interactions between photons and phonons via nonlinear optomechanical coupling, we may observe a frequency-shifted of the output spectrum at second-order sideband due to the dependence of the eigenfrequency of mechanical oscillation on its effective mass. Figure 2(a) shows the efficiency of second-order sideband generation varies with probe-control field detuning and the change of the mass, where all of the parameters used in the calculation are chosen from a recent experiment [29] . Owing to the matching condition (i.e., = −¯ = m ), the maximal efficiency of second-order sideband generation increase as the frequency shift and detuning increase. Interestingly, this feature implies that we can detect the change of the detuning between probe and control fields to acquire the change of mechanical frequency shift caused by the external accreted mass. As shown in Fig. 2(c) , we found that the distinguishable frequency shift is 2 kHz when we deposit the slight mass on the resonator, and the mechanical eigenfrequency is fixed at a value of 10 MHz. Next, we use a stronger control field to drive our system, we can find that there is a local minimum of efficiency at = m in Fig. 2(b) , indicating that the constructive and destructive interference effect takes place between the probe field and the upconverted firstorder sideband at the resonance condition [11] , which leads to the suppression of second-order sideband process. Exhilaratingly, it is well known that the position of minimal efficiency is sensitive to the change of eigenfrequency of mechanical oscillator [15] , this provides a significant way to detect slight mass. In addition, with regard to the cases of lower control field, the frequency interval of separated peak values of second-order sideband in Fig. 2(c) is 2 kHz, which shows excellent agreement with the minimum values interval of second-order sideband as shown in 2(d) with a stronger control field driving. Such that the optomechanical system is especially suited for designing nonlinear mass sensors based on the optomechanical nonlinearity. Figure 3 shows the shift of the resonance frequency of mechanical oscillator δ m as a function of the deposited sample δm, and the relationship between the frequency-shift of mechanical oscillator and the mass change is almost linear. As shown in Fig. 3 , the mass change can induce a frequency-shift of the output spectrum, and we can measure the transmission spectroscopy by frequency spectrogram analyzer, namely, the mass change can be obtained. In detail, the harmonic mechanical oscillator possesses an effective mass m, a spring constant k, and a mechanical resonance frequency m = δm [3] , [30] . The mass of mechanical oscillator is ultralow, here we choose 145 ng, so even a tiny mass change of mechanical oscillator can make a significant drift of its resonance frequency. Low mass and high resonance frequency of optomechanical system are expected to result in exceptional mass sensing in experiment. As an example, we can deposit chromosome samples onto the surface of mechanical oscillator based on the development of chromosome manipulation technique [1] . It is known that the human genome has been studied by many research institute, and we can learn about the mass of one chromosome is about 2.7 × 10 −13 g in the database [14] . For simplicity, we assume that the mass added to the oscillator changes the resonance frequency of the oscillator uniformly. Fig. 3 shows that the resonance frequency shifts 2 kHz when depositing about two hundred chromosomes, according to the relationship between the frequency-shift and the mass change of mechanical oscillator, we can easily obtain the mass of one chromosome is about δm = 2 m m δ m ≈ 2.7 × 10 −13 g which is same as the value in the database. Note that the mass change in Fig. 3 is 5.8 × 10 −14 kg, corresponding to two hundred and fifteen chromosomes accurately. That is, the mass resolution of our method is 5.8 × 10 −14 kg, namely, we only need to manipulate about two hundred chromosomal molecules to obtain the distinguishable frequency shift of the second-order sideband due to the mass of one chromosome in the Sanger Institutes human genome project in the vertebrate genome annotation database. This mass dependent second-order sideband generation enables an attractive device for the measurement of chromosomal molecules with higher precision than the conventional linearized optomechanical interaction. Based on the linearized dynamics of optomechanical interaction, Li and Zhu investigate an optical mass sensor by means of the signal transmission spectrum generated by four-wave mixing [14] . They have reported that the mass of human chromosome, about 2.7 × 10 −13 g, can be detected via accumulating three hundred chromosomal molecules. While we only need to manipulate two hundred chromosomal molecules to obtain the distinguishable frequency shift of the second-order sideband in our scheme, which can reduce the degree of experimental difficulty effectively. Based on Fig. 3 , the pretty linear relationship between frequency-shift and mass change is a key point for mass sensing experiments, which is a manifestation of the intrinsic property of optomechanical systems, and it is very convenient for detecting various slight mass by means of the output spectrum. Our result provides an feasible scheme to realize mass sensor and may have potential applications in metrology.
It is worth emphasizing that our all-optical nonlinear mass sensor proposed here based on the nonlinear optomechanical interaction has some distinctive advantages, compared with the other mass sensing techniques based on the linearized dynamics. First, the investigation of mass sensing based on the optomechanical nonlinearity is still unexplored, so our result may open up a new and broad prospective for the properties of the mass sensor and promote the development of mass sensor. Second, we can improve the accuracy of the mass measurement in contrast to previous work based on the linearized dynamics of the optomechanical interactions, which can improve the feasibility of applying mass sensor in practical applications with the aid of frequency spectrogram analyzer. Furthermore, as an essential nonlinear phenomenon, sideband generation including second-and higher-order sideband, whose bandwidth is extremely narrow which can be well explained by the uncertainty relations of time and frequency [31] . Importantly, the narrow spectral width of output spectrum possesses a high resolution when employing the all-optical technique to detect small mass. Specifically, the mechanical frequency shift will be reflected on the movement of output spectrum correspondingly. Hence, we anticipate that the high-order sideband induced by optomechanical nonlinearity can be applied to mass sensing with higher accuracy. 
Conclusions
In summary, we have presented an all-optical method to detect small mass change by means of the optomechanical nonlinearity. We find that the frequency shift of second-order sideband is more sensitive to mass change with using exactly the same parameters with previous work based on the linearized dynamics of the optomechanical interactions. Advantageously, this attribute can be utilized to improve the mass resolution, compared to the traditional linearized method. In consideration of the advances in nanofabrication techniques, our result may facilitate the application of nonlinear optomechanics in mass sensing and other on-chip sensors.
